TECHNICAL NOTES

Soil-Water Characteristic Curve Equation
with Independent Properties

Gilson de F. N. Gitirana Jr.* and Delwyn G. Fredlund, M.ASCE?

Abstract: The soil-water characteristic cur«8 WCQ has traditionally been represented using equations whose fitting parameters do
not individually correspond to clearly defined soil properties or to features of the curve. As a result, unique sets of parameters are oftel
nonexistent, and sensitivity analyses and statistical assessments of SWCC parameters become difficult. In order to overcome the
difficulties, a new class of equations to represent unimodal and bimodal SWCCs is proposed. The chosen fitting parameters are th
air-entry value, the residual suction, the residual degree of saturation, and a parameter that controls the sharpness of the curvatures. 1
physical meaning for the soil parameters is discussed for different soil types. A unique relation between each of the equation paramete
and the individual features of SWCCs is assured. The proposed equations are fitted to data corresponding to a variety of soil types and
good fit is observed.
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Introduction Appropriate Soil-Water Characteristic Curve
Equation Parameters
Appropriate equations to mathematically represent soil-water
characteristic curve$SWCCs are required for both graphical This section describes SWCC features that can be used as equa-
presentations and for numerical modeling. Leong and Rahardjotion parameters and their physical meaning. SWCCs are presented
(1997 and Sillers et al(2001) have presented reviews of a range in terms of degree of saturatios, plotted on arithmetic scale.
of proposed unimodal equations along with parametric analyses.Soil suction,ys, is plotted on a log scale from 0.1 to 1,000,000
Difficulties in the application of the available equations exist kPa; the latter corresponding to the completely dry conditions.
because the parameters of these equations are not individuallyThe following comments consider only desaturation, but the pa-
related to shape features of the SWCC. As a result, uniquerameters chosen for the proposed equation are valid for both wet-
values of the soil parameters are difficult to determine and ting and drying curves.
sensitivity analyses become awkward. Statistical assessments
of SWCCs and the grouping of soils with typical fitting
parameters also become difficulEredlund et al. 2000 The
lack of physical meaning for the fitting parameters is also Soils with different textures and/or pore-size distributions have
undesirable. different SWCCs, as illustrated in Fig. 1. Sandy soils, represented
This technical note proposes a new class of equations based oty curve 1a, remain essentially saturated up to the so-called, air-
parameters that are independently related to well-defined featuresntry value,|s,, where the largest pores start drainif®@rooks
of the shape of typical SWCCs. The selected features possesaind Corey 1964; White et al. 19%GFrom this point, the steeper
clear physical meaning. The new equations have been developedhe slope, the narrower the pore-size distribution. Once the second
for both unimodal and bimodal curves. The mathematical basis bending point(given by the residual degree of saturati@s,
for the equations is described and the properties and capabilitiesand residual soil suction}.d is reached, large increments in
of the equations are demonstrated. suction have relatively little effect of. Silty soils, represented in
Fig. 1 by curve 1b, have SWCCs similar to those of sandy soils,
'PhD Graduate Student, Dept. of Civil and Geological Engineering, butys, andis.sare usually higher due to the presence of smaller
Univ. of Saskatchewan, 57 Campus Dr.,, Saskatoon SK, Canadapores.
S7N 5A9. Clayey soils(curves 1c and 1d in Fig.)have air-entry values
*Professor Emeritus, Dept. of Civil and Geological Engineering, Univ. higher than those of silty and sandy soils and residual points that
of Saskatchewan, 57 Campus Dr., Saskatoon SK, Canada STNSA9.  cannot always be visually identified. Adsorptive forces influence
Note. _Dlscusspn open until July 1, 2004. Separate (_Jl|scu35|ons mustiha S\WCC for almost the entire range of soil suctidditchell
be submitted for individual papers. To extend the closing date by one 1976 and vapor flow has an important role on the moisture trans-

month, a written request must be filed with the ASCE Managing Editor. . . .
The manuscript for this technical note was submitted for review and fer past the residual poiriBarbour 1998 Therefore the capillary

possible publication on May 23, 2002; approved on May 27, 2003. This theory cannot fully explain the SWCC behavior of clayey soils.

Unimodal Curves

technical note is part of th@ournal of Geotechnical and Geoenviron- Regardless of the physic_al _meaning of the chosen soil param-
mental Engineering Vol. 130, No. 2, February 1, 2004. ©ASCE, ISSN  eters, i, ., andSsare distinct features of the shape of typi-
1090-0241/2004/2-209-212/$18.00. cal unimodal SWCCs and are therefore appropriate, well-defined
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0.1 1 10 100 1000 10000 100000 1000000 The first derivative of Eq(1) with respect to}s is required to
Soil suction, kPa define “water storage” in transient seepage analyses and can be

. . - o ~written as follows:
Fig. 1. Soil-water characteristic curves conceptualizations for vari- 5
ous soil textures dS 1|tanf(1+r?)

dy | 1-r2tarfe

r2In(Y/ep)(1+tarf 0)/(1—r2tarf 9)

soil parameters. A fourth parameter, here calleg”“defines the Vr2In2(y/gy,) +a%(1—r?tar? 6)/(1+tar? )
sharpness of the transitions at both bending points. The type of

SWCCs represented in Fig. 1 by curve 1d requires the parameter
i, anda.

)

Unimodal Equation with Two Bending Points

Two rotated and translated hyperbolas are needed to define an
. entire unimodal SWCC with two bending points. The three
Bimodal Curves straight lines defined b§0, 1), (W, 1), Wress Sied, and (16, 0)
are the asymptotes of the hyperbolas. These two hyperbolas are
merged through a third equation, producing a continuous equation
with a smooth transition. The proposed equation is as follows:

Curve 2 in Fig. 1 illustrates a typical bimodal SWCC. According
to the capillary theory, the double “hump” can be associated with
a bimodal pore-size distribution. Bimodal pore-size distributions

are often related to gap-graded grain-size distributi@grner S-S,
1994, but they are also observed in certain structured gQits S=——F———+5, 3
1+(‘Jr‘/ \/‘l’b\l’res)d

mapum de Carvalho et al. 2002
Two distinct air-entry values and two distinct residual points where
can be defined for bimodal SWCCs, giving a total of four bending tanei(1+ri2)ln(¢/¢f‘)

points. An additional parametea, is again used to define the , (=)

sharpness of the transitions at the bending points. In summary, (1—rtar? 6;)

eight parameters are identified to represent bimodal cuivgs: . 5

ll’resl: Sresl1 '~"‘b21 Sb1 '~"‘re521 Srest anda. (l+tan26i) a (liri tanzei)i a

r2 In2(y/yd) +

X(l—riztanzei) (1+tarf6,)

i=1,2; 6,=—(N;_1+\;)/2=hyperbolas rotation anglesry;
=tar (N\j_1—\;)/2]=aperture angles tangenty,=0 and \;
. . . . =arctaf(§—S, )/[In(W?, /) ]}=desaturation slopes;S;=1;
Three equations are proposed; namély), unimodal equation S=S.; =0 U=l U=l UI=1C%; and d

with one bending point{2) unimodal equation with two bending =2 exg 1/In( o
. . . . = s/ Up) ] =Weight factor forS; andS, that produces
points; and(3) bimodal equation. The equations are based on the a continuous and smooth curve.

general hyperbole equation in the coordinate systemydeg( The first derivative of Eq(3) with respect to is
The equation parameters are defined as the coordinates where the

Proposed Soil-Water Characteristic Curve Equations

hyperbolas asymptotes meet. Therefore a meaningful and consis- dS dS,/dy—dS,/dys S-S
tent geometrical relationship exists between the shape of the w: 1+(¢/W d [1+(¢/Ws)d]2
re: re:

SWCC and the equation parameters.

Wetting curves that achieve a maximum degree of saturation U a4 ds,
of less tharS=100% can be represented by multiplying the pro- X —3) —+ G 4)
posed equations by the maximum degree of saturation. SWCCs VUplres ¥ b

represented in terms of gravimetric or volumetric water content \yere
can be modeled in a similar way.

dS  1|tand;(1+r7) i
Unimodal Equation with One Bending Point a | 1- rf tar o, e
One rotated and translated hyperbol_e is u_sed to rf_epresent this first » ri2 In(q;/Lpif")(lthan2 G)i)/(l—riztan2 0;)
e o SWCC cute The o stlah Ines dened O/ T LTt )
is written as follows: i=1, 2.
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Fig. 2. Effect of changinga on unimodal curves Fig. 4. Effect of changingls,.s and S,,s on the unimodal curve with

two bending points

Bimodal Equation

Jeduced, but that is not the case. Rather, the apparent reduction

Four hyperbolas are needed to model a bimodal SWCC delineate should be viewed as a smoothing effect evenly distributed to suc-

by the five asymptotes that are defined &, 1), (U, 1),

tion values lower and higher than both, and . Ultimately,
(brests Sresd)s (o2: Sp): (Yresar Sresd), and (10, 0) the bending points are fixed curve parameters that are totally in-
S-S, S,—S; dependent on the value af Limits need to be imposed for the

value of parametesi. When values o& greater than 0.2 are used,
the curve limits may start deviating excessively fr&ws 100%
andS=0%, respectively(see Fig. 2 For this reason, a range of

S= +
1+(¢/\/¢’bl¢’resl)dl 1+(’~!’/\/‘L’resl¢b2)d2

S3=Sa values ofa from 0 to 0.15 is suggested.
+ +S, (5) SR : .
1+ (U Vipolies) &3 Due to its similar mathematical nature, parametric analyses of
whereS., 0, r;, and\; were defined in Eq@); i=1, 2, 3, 4: the unimodal equations suffice to demonstrate the independence

$=1; $=Sey F=S; S=Sew £=0; Uizt U3 of the parameters of the bimodal equation.
=rest; V3= Vpz; V3=resz; Y5= 10°; dj:2 erl/|n(ljJ?+l/¢ja)]
=weight factorsj=1, 2, 3.

The derivative of Eq(5) with respect tas can be obtained in
a manner similar to that above for E@).

Fitting the Proposed Equations to Experimental
Data

Experimental data sets were selected to demonstrate the fitting
capabilities of the proposed equations. Since the equation param-
eters have clear and distinct roles, an eye fitting would be appro-

Parametric studies were used to describe the fitting properties mpriate. However, in order to avoid human bias, a rigorous mini-
the proposed equations. Figs. 2—4 show that whengfhag in onemum squares fiting analysis was = performed using the
parapmert)er While? keepiné th% éthers fixed, only that featurg o? the minimization solver available in M&xcel 97

curve related to the parameter being varied is affected. Thus the Fig. 5 presents the best-fit curves fo the experimental data

curve parameters are mathematically independent. In this way, th obtained for Regina clay by Fredluriio64 and for Indian Head

new proposed equation is unique amongst all other proposed cone-tiII by Vanapalli et al.(1996. A good fit was obtained using the

1EW prop q - q 9 prop unimodal equation with one bending point. The unimodal equa-

tinuous SWCC equations, tion with two bending points was also used for the Indian Head
As Fig. 2 illustrates, the larger the valueathe smoother the gp

curve. Asa is increased, the air-entry value might appear to be

Parametric Analysis of the Proposed Equations
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Fig. 5. Best-fit curves to the experimental data of Regina clay and
Fig. 3. Effect of changingl, on unimodal curves Indian Head till
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Fig. 7. Best-fit curves to the experimental data of pelletized diato-
maceous earth and of the Brasilia collapsible clay

till, giving a slightly better fit. Fig. 6 presents two other data sets,
for Patience Lake sil(Bruch 1993 and Beaver Creek san8ill-
ers 1997 along with the best-fit curve and its parameters. A close
fit is observed.

SWCC experimental data for two bimodal soils was used to

demonstrate the fitting capability of the proposed bimodal equa-
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Notation

The following symbols are used in this technical note:

a = hyperbolas sharpness variable;
d,d;,d,,d; = weight factors;
r; = hyperbolas aperture angle tangent;
S,S, = first and second degrees of saturation;
S, = individual hyperbolas;
S = y coordinate of the hyperbolas center;
SreS1 Sreslv SresZ
= residual degrees of saturation;
8; = hyperbolas rotation angles;
¢ = soil suction;
Uy, iy, U, = air-entry values;
? = x coordinate of the hyperbolas center; and
‘J‘resx‘l’reslv‘bresz
= residual soil suctions.
References

Barbour, S. L.(1998. “19th Canadian Geotechnical Colloquium: The
soil-water characteristic curve: a historical perspectivedn. Geo-
tech. J.,35, 873—-894.

Brooks, R. H., and Corey, A. T1964. “Hydraulic properties of porous
media.” Hydrol. Paper No. 3 Colorado State Univ., Fort Collins,
Colo., 27.

Bruch, P.(1993. “A laboratory study of evaporative fluxes in homog-
enous and layered soils.” MSc thesis, Univ. of Saskatchewan, Saska-
toon Sask., Canada.

Burger, C. A., and Shackelford, C. [200J). “Evaluating dual porosity
of pelletized diatomaceous earth using bimodal soil-water character-
istic curve functions."Can. Geotech. J38, 53—-66.

Camapum de Carvalho, J., GuimesaR. C., and Pereira, J. H.(2002.
“Courbes de retention d’eau d’'un profil d’alteratiorProc., 3rd Int.
Conf. on Unsaturated Sojlfkecife, Brazil, 289—294in French.

Durner, W.(1994. “Hydraulic conductivity estimation for soils with het-
erogeneous pore structuréfflater Resour. Res30(2), 211-223.

tion. Fig. 7 shows the best-fit curve, the fitting parameters, and theFredlund, D. G. (1964. "Comparison of soil suction and one-

experimental data for a pelletized diatomaceous g&tinger and
Shackelford 200land for a residual, highly collapsible clay from
Brasilia (Camapum de Carvalho et al. 2Q0Zlose fits are again
observed.

Conclusions

Flexible mathematical representations for both unimodal and bi-
modal soil-water characteristic curves have been proposed. The

dimensional consolidation characteristics of a highly plastic clay.”
MSc thesis, Univ. of Alberta, Edmonton Alta., Canada.

Fredlund, M. D., Fredlund, D. G., and Wilson, G. {2000. “An equa-
tion to represent grain-size distributionCan. Geotech. J31, 817—
827.

Leong, E. C., and Rahardjo, Ki1997). “A review of soil-water charac-
teristic curve equations.’J. Geotech. Geoenviron. Engl2312),
1106-1117.

Mitchell, J. K. (1976. Fundamentals of soil behaviowiley, New York.

Sillers, W. S.(1997. “The mathematical representation of the soil-water

characteristic curve.” MSc thesis, Univ. of Saskatchewan, Saskatoon

proposed equations are defined by parameters that have physical Sask., Canada.

meaning and that are independently related to shape features o
the SWCC. Parametric analyses and fitting to experimental data
sets were used to illustrate the fitting capability of the proposed
equations, with excellent results. The proposed equation can make

?illers, W. S., Fredlund, D. G., and Zakerzadeh(200]). “Mathemati-
cal attributes of some soil-water characteristic modelsgotech.
Geologic. Eng. 19, 243-283.

Vanapalli, S. K., Fredlund, D. G., Pufahl, D. E., and Clifton, A. W.

(1996. “Model for the prediction of shear strength with respect to

the treatment of SWCC data easier, and statistical analyses on a ggil suction.” Can. Geotech. J33, 379-392.
large amount of data will benefit from the use of an equation white, N. F., Duke, H. R., and Sunada, D.®970. “Physics of desatu-

whose parameters are mathematically independent.

ration in porous materials.J. Irrig. Drain. Eng., 96(2), 165-191.

212 / JOURNAL OF GEOTECHNICAL AND GEOENVIRONMENTAL ENGINEERING © ASCE / FEBRUARY 2004



